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Abstract

The set O™(X) of all n-ary operations on a set X forms a semigroup under
operation + defined by f4 g = fig.,g). This semigroup ean be considered as a
particular transformation semigroup with restricted range, i.e., the semigroup
of transformations with the =et of all n-tuple of the same elements of X as the
range. In this paper, it will be presented some results on the regularity of the
elements of the semigroup from two different points of view. It will be present
alzo the characterization of all completely regular elements and coregular ele-
ments of the semigroup as well.

Kevwords: regular element, completely regular element, coregular element,
semigroup, operation

1 Preliminary

Transformation semigroups belong to the most important classes of semigroups since
by Cayleyv’s theorem any semigroup is isomorphic to a transformation semigroup. Let
(' A) be the set of all transformations on A, i.e. operations with domain 4 and values
in 4. Together with the composition o of operations defined on 4 one obtains the full
transformation semigroup @A) := (O A4); o). Any subsemigroup of @' 4) is called
a transformation semigroup. Let O'~'(4) be the set of all hijective transformations
on A. The full transformation semigroup is regular, i.e. every element f < O'(A) is
regular in the sense that there is an operation g € O A) such that fogeo f= f.

Let O™ A) for a fixed natural number n = 1 be the set of all n-ary operations defined
on A, i.e operations with domain A" and wvalues in 4. The composition of f e O™ A)
with gy....,8, € O® 4] is defined by

Flgr, oo ogalizy, oo mn) o= flal(zg, oooomn)e oy gnlmg. . coxg ) for alley, oo e & AL

From the (n + 1)-ary composition operation one can derive a binary operation + :
O A) = O*A) = O™A) by
f+g=msoqg,

which m, € OV A) and 7;(z) := f(z,... =) for every = € A. It is easy to see that the
operation + is associative and as generalization of @'(A) one obtains a semigroup
O™ A) := (O™ A); +). This semigroup. up to isomorphism, can also be considered as a
particular transformation semigroup with restricted range T{ A" A 4n ), where Ayn =
{{z,...,z)|r € A}. In general, transformation semigronp T(X,Y") is a semigronp of
transformation from set X to set ¥ Z X. This semigroup are already studied, for
instance, as we can see in [5] and [6].
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In this paper. we use r instead of [z, 2,....,2,). We also use T for the n-tuple
consisting of the same element r € A ie. T = (z,...,r). Then we can write
Agn = {T|r € A}. With this notation, using the composition of operations, the

binary operation + on O A4) can be written as

(f +a)z) = flglz)).

Nutl(‘l; that some properties of O"(A4) were already considered in [2], especially for

= {0,1}. For f € O™ A) we consider its restriction to A © f|a, .. This restriction
can be mapped to a unary operation w; £ O'A) which is defined by m,(a) = b if
and only if f(@) = b. Clearly, the mapping ¥ : {f|a_.|f € O"(A)} = OY(A) defined
by f |g,_én ++ 7y is one-to-one. The mapping 7; is a permmtation ie., m; € O iff
flAgm) = A

2 Regular Elements

Recall that for arbitrary semigroup 5, @ € 5 is said to be regular if we can find » £ 5
such that ara = a. Moreover, if in addition ar = ra, then a is said to be completely
regular and if r +a + 2 = x. then a is said to be coregular. An element a € 5 is called
(m,n)-regular if there is © € 5 such that a = a™za"

Let &% ={f e

= f{A4n)}. The we have the following property.

Lemma 2.1 7% s the universe of a subsemigroup of (O"(A): +).

Proof: Let f.g € &%, Then, for any x € A", there exists an n-tuple 7 € A 4a such
that gl'_J = g(7). Thm implies { f + g)( j flalz)) = flg(@) = (f + ¢)(7) and thus
f+oeXy. u

The following theorems show some results on regularity of elements of arbitrary trans-
formation semigroup with restricted range T{X.Y)

Theorem 2.2 [4] o € T(X.Y) is regular if only if aX = al”.

Theorem 2.3 [6] The set {a € T(X,Y)|aX = oY} is the largest regular subsemi-
group of T(X. Y.

As a consequence of Theorem 2.2 then we have that all elements in X7 are regular.
Moreover, Theorem 2.3 implies that the set Y7 is the largest regular subsemigroup of
(O™ A); +). This fits also a result of Butkote [2]. Here we restate this fact and reprove
in our fashion using the fact that regular transtormation semigroup is regular.
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Lemma 2 4 Reg(O"A)) 15 equal to Y and forms a regular subsemigroup of
(O™ A); +

Proof: First we will show that Reg(O"(4)) = £7. Let f € Reg{O"(A)). Then, there
is g € O™ A) such that f + g+ f = f and thus for every = € A", we have f(r) =
(f +g+ f)z) = f(g(f(x))). Therefore f(A") C f(Aun) and hence f(A") = f(Aun).
Thns f e Y. Conversely, let f be in X%, Sinee w; is regular, then there exists
e 0YA) auch that TpomO Ny = My Now, let g be an arbitrary element in C. Since
fe Iy, for every x € A", there exists y € A such that f{z) = f(7). Thus, we have

h

(F+a+1)z) = flg(fz) = fla(F(W))) = (mremoms)(y) = 7;(y) = f(7) = f(z), e
[ is regular. Therefore, Reg(O™(A)) = X% and thus by Lemma 2.1, Reg(O"(A)) forms
a subsemigroup of O"( A). Moreover since every element g € C; satisfies f +g+f = f
and C; M I} # @, then we can choose g such that ¢ € 7, Hence Reg(O"(A4)) forms
a regular EII]X:LIIIIEI'I_IIIFI of (O™ A); +). [ ]

From the proof above, we know that, whenever f is in £ and m € O A) satisfies
Ty omo my = my, then we can take an arbitrary g from C; to get f+g+ f = f. As
an alternative, when f € X%, we can directly define g in the following manner. For
every z € Imf, we choose y € =11 such that z = f(y) and define g with ¢(Z) = .
Thua we have z = f(§) = flg(Z)) = (f + g)(Z). Hence, for any x € A", we obtain
flz)=(f+9)(F@), ie. f+a+f=f

If the cardinality of 4 is equal to m. then the number of transformations on 4 with
rank i is equal to the cardinality of the D-class Dy = {7 € OY(A)||Imn| = i} and is

equal to

with Si{m.i) is the Stirling number of the second kind which is defined to be the
number of partition of 4 into & non-empty subsets, i.e. is equal to

1 — i — .
Sim, i) = FZ ( N )[:‘ — ) (=1
C k=0

(see [3]). The mmber |D;| can also be caleulated in different way as follows.

Lemma 2.5 Let A be arbitrary finite set of cardinality m and let 1 < ¢ < m be
arbitrary. Tfu? cardinality of the set Dy = {m € OY(A)||Imr| =i} is equal to

1
m ml
Di| = > B o
[ Mgl Ty

ﬁl+...+n;=m
My,... .y =1
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Proof: Let T; = {r € O1(A4)

, . m .
I'mm| =i}. It is clear that there are ; different

images of elements of D;. Let I = {a;,...,a;} be arbitrary subset of 4. Now, let
Dy, n be the set of elements of T; which images are equal to I = {ay,...,e;} such
that the number of elements of A mapped to a, is equal to ng for all £ = 1,... .4,
ie. Din,  w = {7 € Di|w(A) = I, |7 Yax)| = nx}. It is clear that ny = 1 for all
k=1,...,7 and moreover, nqy + ...+ n; = m. Then, the number [P, | is equal
to the number of permutations of multiset {ny-ay,... n; o} withny +... +n, =m

and is equal to

m m— 1y m—(ny+...4+mn_4) m!
M1 na o i nylnal . oong!

By running all possibilities for the positive numbers ny, ....7n; and since there are

m . : o .
. ) different sets I's of cardinality . then the number || is equal to

a
[

( ’.".;1 ) Z |E';_m ..... nyls

filt... +mg=m
Rl,..., =1

1
Z m ml
i niins !

n .y =m
Myye..afig =1

Le.

Therefore, we have the following proposition.

Proposition 2.6 Let A be arbitrary set of cardinality m. There are precisely

L 1
(??‘1 ) e AT —1T
E E . -1 .
7 lra! |
l MMl .oyl
1 1:Ma [

= 4.+ =m
My, ..,y =1

reqular elements in (O™ (A); 4).

Proof: By Lemma 2.4, the number of regular elements of (O%(A); +) is equal to the
cardinality of 7. Now, let s; be the number of elements of Y4 with the size of the
images are equal to i, for arbitrary 1 < i < m, ie. s; = |[{f € IZ%|[Imf| = i}|. Let
D; = {7 € OY(A)||[Imm| = i}. Then, s; is equal to the multiplication of |D;| and the

number of mapping from A™ Y\ Agn to any set B € A of cardinality ¢, i.e. @™ —™, that

is i= equal to
Z m m! mt—m
1 S ngnat . ony!

m+ ...+ =m
Ty, .. My =1
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by Lemma 2.5. Since 1 < i < m. we have precisely

Z Z m ?'."LI! AP —m
. |
i Sngna! !

=1 4. dm=m
T g =1
elements of ¥ which are regular. [ ]

In the end of this section, we want to determine all completely regular elements and
all coregular elements of (O™(A4); +).

Theorem 2.7 Let [ be in (O™ A); +). The following assertions are eguivalent:

(i) f s a completely reqular element.
(ii) For every x € A", there exists y € A such that f{z) = (f + f)(7).
(iii) Kerf = Ker(f + f).
() [Imf] = |Bggmpn/Ker f].
(vi Imf=1Imif+ f).

(vi) Imf =TIm(f + f)|a .-

Proof: (ii)=(iii) Let (ii) be satisfied. Then. every z & Imf can be expressed
as = = (f + fily) tor some y € A. Therefore Imf C Im(f + f) and hence
Imf=1Im(f+f)=1Imf|a e since Im{f+f) =Imf|a,,,» © Imf. This implies
[Tmf| = |Aprmpin /Ker f|. Then, each class [J|gers in Ajgmpn/Kerf contains only 7.
Thus for every yy.y, € Imf.if f(7,) = f(7,). then it follows that ?1 =T7,. Therefore,
if (z,25) € Ker(f +f) de (f + filz) = (F+ F)lze), Le. fF(F(z1)) = F(f(z2)); then
it follows that f(x,) = flz,), i.e. if and only if fiz,) = flx,). Le. (x,.2,) € Kerf.
Thus Ker(f + f) € Kerf and hence Ker(f + f) = Kerf.

(iii)=(iv) Let Ker(f + f) = Kerf. We will show that there is a bijection map-
ping from I'mf to Ajppp/Kerf. We define a mapping ¢ : Imf — A/ Kerf
by @(y) = [Ulacers for every y € Imf. Obviously ¢ is well-defined and is surjective.
Let yy,ua € Imf and @(y,) = &(y;). Then, yy = f(z;) and y, = flz;) for some
ry. 2o € A" and [Ty]xers = @) = ¢{p2) = [Ug]ne-u Thus [f(zy)]ers = [F{Z2)]rers
e f{flzy)) = Fflze)), fe (f + fllz) = (f + f)lza). Lo (2, 25) € Ker(f +f).
Since Ker(f + f) = Kerf, then (z,,x,) € Kerf, ie. yy = flz,) = flz,) = y2. Thus,
¢ is injective and hence is bijective. Therefore, |Imf| = |Ayy, pn /Her f| since A is
finite.
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(iv)=(v) Let |[Imf| = [Agmpe/Kerf|. Then, [Imf| = [Imf|a ,.n| and since
Imfla;, e © Imf, then Imfla . n =Imf. Therefore, we have fmf = Im(f + f)
sinee Imf|£.,“m‘,]n =Im(f+f).

(vi=(vi) It is clear that Im(f + f)|a,. € Imf. Let now y € I'mf, ie. y = f(z) for
some r € A" By (v), there exist ', " & A" such that ¥y = f(z) = (f + f)lz')
and f(z') = (f + f)(z") = f(fiz")). Therefore, y = flz) = (f + f)lz]) =
fUfE)) = FUFLAE"))) = (F + £F)(f(2")). Thus, Imf € I'm(f + f)|a,. and hence
Imf=Im(f+ f)lam-

(vi)=(ii) By (vi), every = € I'mf can be expressed as z = (f + f)(7) for some y & A.
Thus for every x € A", there is y € A such that f(z) = (f + f)(7).

(i)=(ii) Let f &€ O®(A) be completely regular. Then, there exists g € O"(A) such
that f + g+ f = f and f +g= g+ f. Both equations give f + f + g = f. Thus for
any x € A™, we have f(z) = (f+ f 4+ g)(z) = (f + f)(g(z)). It means that there is
y=glz) € Asuch that (f + f)(7) = flz).

By assumption, we can choose y € A such that = = flz) = (f + f)(7) for ev-
erv € f~Yz). For this = £ I'mf. we define (%) = f(7) and g(z) = y for every
€ f7Hz) \Apmpyn. It s clear that g is well-defined. Moreover, by the definition, we
get (g+ flz) = g(f(z)) = f(F) and thus (f + g+ F)z) = fllg + flz)) = fUfT) =
(f + f)(7) = flz) for all x € f~'(z). Repeating this procedure for all z € Imf, we
have that, f satisfies f +g+ f = f. Now, we will show that { f +g){z) = {g+ f){zx) for
all z € f~'(2). By the definition, we have {f +g)(z) = f(g(z)) = f(7) = (g + f)(z)
for every = € fYz2) \ Agmpn. f 2 € A, 1e. = ') for some z' € A",
then (f + g)(z) = (f + g)(f(z)) = (f + 9 + F)(z") = fiz'). On the other hand
side, (g + f)(z) = 9(f(z)) = g(f(f(z)))). Thus (g + f)(z) = f(F) for some F satis-
fying (f + f)(z') = (f + f)(7). Since Ker(f + f) = Kerf, then f(z') = f(7). Thus
(f+g)lz) = fiz) = f(m) = (g + fiiz). Doing the procedure for all z € Imf. we
have f+ ¢ =g+ f. Hence, f is completely regular. [ ]
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It is clear that all completely regular elements are contained in Reg(O™(A)) = X%,
But conversely, not all elements of Heg( 0" 4)) are completely regular. As an example,
take the binary operation f on {1,2,3} with f{1,1) = f{1,2) = f(1,3) = f(2,1) =3
and f(2,2) = f(2,3) = f(3,1) = f(3.2) = f(3,3) = 2. It is clear that f € £7 and
thus f is regular. But by simple caleulation we have that f + f = c3. ie. f+ fis a
binary constant operation with value 2. Thus Ker({ f + f) # Kerf and hence f is not
completely regular element. Therefore, (Reg(O™(A)); +) is not a completely regular
semigronp.

Now, we give a characterization on coregular elements of (O™ A); +).

Theorem 2.8 Let f be in (O%(A); +). The following assertions are equivalent:

(i) f is a coreqular element of (O A); +).

(ii) For every x € A", there erists y € A such that f(z) = (f + T and (f +
filz) = fy).

(iii) f+f+f=1f.

Proof: (i)=(ii) Let f € (O"(A): +) be coregular. Then, we can find g € O"(A) such
that f + g+ f = f =g+ f + g. Substituting f = g + f + g to the first f and to the

second f of f + f respectively, we have f + f =g+ f+g)+f=9+Ff+o+f=
g+(f+g+f) =g+ fand f+f = f+{g+f+g) = f+o+f+o= (f+a+f)+a=f+a
Therefore g + f = f+ f = f+ gand hence f + f+g=f+ g+ f = f. Thus for
every £ € A", we have f(z) = (f + f + g)(z) = (f + f)(g(z)). Hence, we can find
y = glz) € Asuch that f(z) = (f + f)(7). Moreover, by f+ g = f + f, then this
y = glz) also satisties (f + f)(z) = (f +9)(z) = flg(z)) = f(T).

(ii)=+(iii) Let (ii) be satisfied, ie. for every x € A", there exists y € A such that
flz) = (f + f)@) and (f + f)lz) = f(¥). Then, we have f(z) = (f + f)(¥) =
FU@) =FfUF + f)lz)) =(f + F+ f)(z). Therefore f = f+ f + f.

(iii)=-(1) It f+ f+ f = f, then it is clear that f is coregular element. [ ]

Remark 2.9 The fact that an element o of a semigroup is coregular if and only if

a® = a was already shown in [1].
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