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Abstract

Gram-Schmidt Process is a method to transform an arbitrary basis into an
orthogonal basis then normalize the orthogonal basis vectors to obtain an
orthonormal basis. This process is so important and has many uses in applications of
mathematics, particularly linear algebra and numerical analysis. Super linear algebra
is an extension of linear algebra, in the which talks about the super matrices, super
vectors up to super basis, super orthogonal basis and super diagonalization on a
super inner product super spaces. It will be discussed a process to construct an
arbitrary basis into an super orthogonal and orthonormal basis for super inner-
product super spaces. The modification of the Gram-Schmidt Process to construct an
super orthogonal and orthonormal basis, namely Gram-Schmidt Orthogonalization
Process for Super Super Linear Algebra.

Key words: Gram-Schmidt Super Orthogonalization Process and Super Linear
Algebra.

INTRODUCTION

Gram-Schmidt Process is a method to transform an arbitrary basis into an orthogonal
basis then normalize the orthogonal basis vectors to obtain an orthonormal basis [1]. This
process is so important and has many uses in applications of mathematics, particularly linear
algebra and numerical analysis [9].

The study of super matrices started in the year 1963 by Paul Horst. His book on matrix
algebra speaks about super matrices of different types and their applications to social problems
[3]. These new structures can be applied to all fields in which linear algebras are used. These
new structures can be applied to Computer Science, Markov chains, and Fuzzy Models [4].

Super linear algebra is an extension of linear algebra, in the which talks about the super
matrices, super vectors up to super basis, super orthogonal basis and super diagonalization on a
super inner product super spaces. The supermatrix and supervector are one whose elements are
themselves matrices or vector with elements that can be either scalars or other matrices or
vector (see [3], [4], [5]). The supermatrix and supervector can be constructed from a simple
matrix or simple vector, this process of constructing supermatrix is called the partitioning (see
[3]). The definition of super vector spaces can be seen in [4].

SUPER LINEAR ALGEBRA

Every super linear algebra is a super vector space but in general every super vector space
need not be a super linear algebra. The following is the definition of super linear algebra;

DEFINITION 1: [4]
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Let V = (V4] ...|V,,) be a super vector space over a field F. We say V is a super linear algebra

over F if and only if for every pair of super row vectors «,f in V the product of « and g

denoted by af is defined in V in such a way that

(@) multiplication of super vector in V is associative i.e., if a,f and y € V then a(By) =
(aB)y.

(b) multiplication is distributive (a + B)y = (ay + By) and a(B +y) = aff + ay for every
a, B,y V.

(c) foreachscalarcinF c(af) = (ca)p = a(cB).

If there is an element 1, in V such that 1,a = a1, for every o € V we call the super linear
algebra V to be a super linear algebra with identity over F. The super linear algebra V is called
commutative if ¢ = Ba forall e and g in V.

The definition of linear combination of super vector, super subspace, super subspace
spanned, linearly independent of super vector and super basis can be seen in [4] is similar to
usual vector spaces in [7] and [1] with only change in case of super vector spaces they occur in
n-tuples.

SUPER BAsIs

DEFINITION 2: [4]

Let V be a super vector space over the field F. A super basis or simply a basis for V is clearly a
dependent set of super vectors V which spans the space V. The super space V is finite
dimensional if it has a finite basis.

LEMMA 1: [4]

Let S be a linearly independent subset of a super vector space V. Suppose f is a vector in VV and
not in the super subspace spanned by S, then the set obtained by adjoining £ to S is linearly
independent.

THEOREM 1: [4]

If W is a super subspace of a finite dimensional super vector space V, every linearly
independent subset of W is finite and is part of a (finite basis for W).

COROLLARY 1: [4]

If W is a proper super subspace of a finite dimensional super vector space V, then W is finite
dimensional and dimW < dim V.

COROLLARY 2: [4]

In a finite dimensional super vector space IV every non empty linearly independent set of super
vectors is part of a basis.

SUPER INNER PRODUCT SUPER SPACES

The definition of super inner product super spaces which we call as super inner product spaces
in [4].

DEFINITION 3: [4]

Suppose that V = (F™| ...|F™) be a super inner product space over the field F. Then fora € V

witha = (af ... ag | ..|a} ... aft ) and B € V where B = (B ... Br.| - |BT - BR)

@)= D @il ) aubin |
jn

j1
DEFINITION 4: [4]
The super norm of a = (4] ... lay) € V = (V4] ... |V,,) define by

V@) = (V@la)| - [Vanla) = el .. el = lall
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The super quadratic form determined by the inner product is the function that assigns to
each super vector a the scalar n-tuple ||a||? = (Jlaill?] ... |lla,|l?). Hence just like an inner
product space the super inner product space is a real or complex super vector space together
with a super inner product on that space.

SUPER ORTHOGONAL SUPER SET AND SUPER ORTHONORMAL SUPER SET

The definition of super orthogonal super set and super orthonormal super set is similar to
usual vector spaces in [7] and [1] with only change in case of super vector spaces they occur in
n-tuples.
DEFINITION 5: [4]
Let @ = (aq] ... ]@,) and B = (B1l ...|Bn) be super vectors in a super inner product space
V=W;l..1V,). Then a is super orthogonal to g if (a|B) = ((allﬁ’l), (anlp’n)) =
(0] ...10) since this implies g is super orthogonal to a, we often simply say a and f are super
orthogonal. If S = (S,] ...|S;,) is a super subset of super vectors in V = (V4] ...|V,,) S is called a
super orthogonal super set provided all pairs of distinct super vectors in S are super
orthogonal i.e. by the super orthogonal subset we mean every set S; in S is an orthogonal set for
everyi = 1,2,..,nie (qB;) =0forall a;,5,€S; i = 1,2,...,n. A super orthonormal
super set is a super orthogonal set with additional property ||l = (llayll] ... |lla,l) =
(1] ...]12), for every a in S and every «; in S; is such that ||a;|| = 1.

From the definition we get the following theorem and corollary;
THEOREM 2: [4]
A super orthogonal super set of nonzero super vector is linearly super independent.
COROLLARY 3: [4]
If a super vector 8 = (4] ...|18y) is a linear super combination of orthogonal sequence of non-
zZero super vectors, a4, ay, .. am then g in particular is a super linear combination,

Z (Bllak1 Z (ﬁn|a1(n am
Kn .
Ki=1 ”an” Kn=1 ” Kn”

DEFINITION 6: [4]

Let V = (V4] ...|V,) be an inner product super space and S any set of super vectors in V. The
super orthogonal complement of S is the superset S* of all super vectors in V which are super
orthogonal to every super vector in S.

DEFINITION 7: [4]

LetV = (V4] ...|V,) be an inner product super space over the field F. Let W = (W, ] ... |W,) be a
super subspace of a super inner product super space V and let 8 = (8,1 ... |5,,) be a super vector
inV. a=(a]..lay) in W is called the orthogonal super projection to 8 = (84| ...|18,) on
W = W] ...|W,). If every super vector in ¥V has an orthogonal super projection of g =
(B1] ---1Bn) on W, the mapping that assigns to each super vector in V its orthogonal super
projection on W = (W;] ... |W,,) is called the orthogonal super projection of V on W. Suppose
Es = (E;]| ... |E,) is the orthogonal super projection of ¥V on W. Then the super mapping
B—-B—EB ie, B=Bil-1Bn) = (BL — E1f1| .. |Bn — EnBrn) is the orthogonal super
projection of V on W+ = (Wi ... [Wb).

THEOREM 3: [4]

LetV = (V4| ...|V;,) be a super inner product space and let (81| ... |Bx,), .. (B .. |Bn. ) be any
independent super vector in V. Then one may construct orthogonal super vector
(ai|..|ah,), .. (@} ..]ap) in V such that for each K =(Ki|..|K,) the set
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{(ai] ...|ak,), -, (a}| ...|ak )} is a super basis for the super subspace spanned by
(Bi] - Bic). -, (BT - |, )
THEOREM 4: [4]

Every finite (n4,n,,...,n,) dimensional super inner product superspace has an orthonormal
super basis.

DISCUSSION

Our next theorem, which is the main result shows that every nonzero finite-dimensional
super vector space has an super orthonormal basis. The proof of this result is extremely
important, since it provides an algorithm, or method, for converting an arbitrary super basis into
an super orthogonal basis or super orthonormal basis. To proof the following theorem will
proceed by the Principle of Mathematical Induction/recursion [2] and will use a modified proof
of Paul Skoufranis [8].

THEOREM (The Gram-Schmidt Super Orthogonalization Process for Super Linear Algebra)
Let VV be an super inner product super space and let S = (a4] ... |a,,) be a super subset of V.
Define " = (B4 ... |8,) recursively by g, = aland

. Z JCAT)

2 PJ
1541l

B; BV if Bj =0V ) Then S’ is an super orthogonal subset

klﬂ]
I1851I”
of ¥V such that super span(S) = super span(S '). Moreover, if S is super linearly independent,
then S" is super linearly independent (and thus B; # 0 for all j = 1, ...,n)and

5= (151115 '||§:||)

BBl
is an super orthonormal basis for super span(S).
Proof: To begin the proof of the first claim, we will proceed by the Principle of Mathematical
Induction/recursion (we do not need the full power of the Principle of Mathematical Induction
since the number of steps will be finite) on the mathematical statements B, that (84| ... |Bm) 1S
an super orthogonal subset such that super span((By| ... 18m)) = super span((ay| ... lam)).
Base Case: m = 1 By definition 8; = a; so the result is trivially true.
Inductive/Recursive Step Suppose that the result is true for some m;
that is, (B1] ..|1Bm) is an super orthogonal subset such that super span((Bil...|1Bm)) =
super span((ay| ... |a,,)). We desire to prove the result for m + 1 provided that m + 1 < n
(as if m = n, we are done). Thus suppose further that m + 1 < n.

forall2<k<n (where

To see that (B4 ... |Bm+1) is an super orthogonal subset, we need to show that (B;|B;) =
0 whenever i # j. Since (8] ... |Bm) is an super orthogonal subset, we need to only check that
(Bm+11B;) = 0 foreachi = 1,...,m. However, if i € {1, ..., m}, then
m+1|B
BmalB) = (am+1 ) Lomalp) T 1”| ’)ﬁ] ﬁ)
]

Am+1|Bj
= (amarle) - 2t 22 (g )
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= (apmr|a) - (= Ilr;l”‘ﬁ]) IB:1I> ; (B;|B:) = 0 unless j = i by the induction
hypothesis

= (am+1|ai) - (am+1|ﬁi) =0
as desired. Hence (B4] ... |Bm+1) is an super orthogonal subset of V.

To see that super span((ﬁll |ﬁm+1)) = super span((a1| |am+1)), we note that
super span((By| ...1Bm)) = super span((ay| ... lan,)) by assumption. Therefore, to prove the
desired equality, it is enough to show that S+, € super span((ay| ... |am+1)) and am4q €
super span((By| .- |Bm+1))- To see that B € super span((ay | ... |m1)), We recall that

Unr1|B))
ﬂm+1 Z( m+1| ! Bj
=0 I
However,since
super span((ﬁll |Bm)) = super span((a1| |am)),[>’j € super span((a1| |am)) for
all j = 1,...,m and thus

m
(@me1]B7)
Bmsr = iz = Y ot L2 by € super span((a] - lam1)).
= sl
To see that a1 € super Span((ﬁll |Bm+1)), we notice, by rearranging the above equation,
that

Amt1 = Pm+1 + Z%ﬁj € super Span((ﬁll |.Bm+1))-
j=1 j

which completes the inductive/recursive step.

Hence, by the Principle of Mathematical Induction (or recursion), we have proven the
first part of the theorem.

Next suppose that S is a super linearly independent set. Let W = super span(S).
Therefore W is a finite dimensional super subspace of . Since S is a super linearly independent
super subset with n super vectors and W = super span(S), S is a super basis for W and thus
super dim(W) = n. However, since super span(S') = super span(S) =W and S  has
exactly n super vectors, S' must be a super linearly independent super subset of W by a
corollary to the Replacement Theorem. Therefore §; + 61/ forall j=1,..,n as S is super
linearly independent and thus does not contain the zero super vector. Therefore ||;|| # 0 for all
Jj so B is a well-defined set of super vectors.

Finally, to see that B is an super orthonormal basis for W, we notice that, since S'isan
super orthogonal set,

<|IBLII "84 |) - ||3l||||,;] | (ﬁz|ﬁj) =0 foralli #jand
Bj

|m _||ﬁ,

so that B is an super orthonormal set of super vectors. Since B contains n super vectors and
super dim(IW) = n, we see that 8B is an super orthonormal basis for W as desired. o

|||,b’1|| =1forallj=1,.
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In the preceding proof we used the Gram-Schmidt process to produce an super
orthogonal basis; then, after the entire super orthogonal basis was obtained, we normalized to
obtain an super orthonormal basis. Alternatively, one can normalize each super orthogonal basis
vector as soon as it is obtained, there by generating the super orthonormal basis step by step
such modifications are made in [6]. However, this method has the slight disadvantage of
producing more square roots to manipulate.

The modification of the Gram-Schmidt Process to construct an super orthogonal and
orthonormal basis above, namely Gram-Schmidt Orthogonalization Process for Super
Linear Algebra. We get;

Let V be an super inner product super space and let S = (a,] ... |a,) be a super subset of V.

Define S/ = (ﬁ1| |ﬁn)

Stepl: B =aq
Step2: By = ay — f;ll%ﬁj forall2 <k <nand
j
cgr (P | B Bn \: :
Step3: B = (Ilﬂul TS IIﬂnll) is an super orthonormal basis.

CONCLUSION AND SUGGESTION

Super linear algebra is an extension of linear algebra, in the which talks about the super
matrices, super vectors up to super basis, super orthogonal basis and super diagonalization on a
super inner product super spaces. The modification of the Gram-Schmidt Process to an arbitrary
basis into an super orthogonal and orthonormal basis for super inner-product super spaces,
namely Gram-Schmidt Orthogonalization Process for Super Super Linear Algebra. We get;

Let V be an super inner product super space and let S = (a4] ... |@,,) be a super subset of V.

Define S* = (B1] ... |Bn)

Stepl: B =o
Step 2: f = ay, — Fk= (ﬁ‘;'ﬁg) 8, forall 2 < k < n and
j
cor (P ]| B Bn ;
Step 3: B = (IIB1II TR IIﬁnll) is an super orthonormal basis.
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