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Abstract
This paper discusses about group consists of 3x3 matrices over integers modulo
prime number. We will consider the order of the group and some of the subgroups.
We also determine the normality of the subgroups.
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INTRODUCTION

Group is one of the familiar subject in algebra. In this paper, we will discuss about
group of 3x3 matrices over integers modulo prime number. This topic came from a problem
arose in Herstein book. The problem is about determining the order of the group of 2x2
matrices over integers modulo prime number p . By observing the determinants, Hadi got the
result.

In group of 3x3 matrices, the difficulity came due to the complexity of the
determinant of 3x3 matrix. Hence, we will use another method based on theorems in linear
algebra.

DISCUSSION

The set of all mxn matrices over real, obviously is an addition group. In order to
create a multiplication group of matrices, we need some requirements. First, the matrices
should be square. Thus, m=n. Next, since the group requires existence of the inverse element,
then the matrices should be nonsingular i.e its determinant is not zero. It can be easily shown
that the set of all nonsingular matrices over real forms a multiplication group. The group, of
course, is infinite.

If we change the entries of the matrices with integers modulo p, where p is prime,
then we may construct a finite multiplication group of matrices. In this paper, we only
considering 3x3 matrices over integers modulo p, where p is prime number. For example,

suppose that

Ay 9 o3
G= a.21 a22 a.23 a” S Zp

A3 a3 Aagg

is a set of 3x3 matrices over Z . Here, n(G): pg. Note that G consists of singular and
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nonsingular matrices. The question is : how many elements of G are nonsingular? To answer
this question we need the concept about rank of a matrix.

Definition If S:{vl,vz,...,vn} is a nonempty set of vectors, then the equation

Ky +KoVy +...+ KV, =0 has at least one (trivial) solution, that is k; =k, =...=k, =0. If

this is the only solution, then S is called a linearly independent set. Otherwise, S is called a
linearly dependent set.

Theorem Aset S with two or more vectors is
a. linearly dependent if and only if there is a vector in S that can be expressed as a linear
combination of another vectorsin S .
b. linearly independent if and only if no vector in S can be expressed as a linear
combination of the other vectorsin S .

Definition The common dimension of row space and column space of a matrix A is called the
rank of A and is denoted by rank (A).

Theorem An mxm matrix A is nonsingular if and only if rank (A)=m.

So far, we already have the tools we need to determine how many nonsingular element
in the set of 3x3 is. Now we recall the basic concept of group.

Definition A nonempty set G is said to form a group if there defined a binary operation in G,
called the product and denoted by ““e ™, such that
1. Forevery a,beG, aebeG (closed under the operation).
2. Forevery a,b,ceG, ae(bec)=(aeb)ec (associative law).
3. There exists an element e € G such that aee=eea=a for all ac G (the existence
of an identity element in G).

4. Forevery aeG there exists an element a’eG suchthat aea *=a ‘ea=e (the
existence of inverses in G).

Definition A group G is said to be Abelian (or commutative) if for every a,beG,
aeb=Dbea.

A group which is not Abelian is called non-Abelian. For the case of multiplication group
of matrices, it is clear that the group is non-Abelian.
For a group G, the number of elements in G is called the order of G and denoted by

0(G). If 0(G)<oo then we say that G is finite, otherwise it is infinite.

NUMBER OF NONSINGULAR 3x3 MATRICES OVER INTEGERS MODULO P

Now we start deriving the formula that gives the order of group of 3x3 matrices over
integers modulo p . Suppose that
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&1 G A3

A3 Q3 ags

Here, n(G)= p°. We will count the number of singular elements in G .

Case | For matrices whose rank is zero, there is only one matrix in G, that is

0 0O
0 0 0]
0 0O

Case |1 For matrices whose rank is 1, there are some possibilities.

1.

2.

If the first and the second rows are [0 0 0], then the third row can not be
[0 0 0].Thereare p* -1 possibilities for the row.

If the first row is [0 O 0] and the second row is not [0 0 0], then the third row
must be a multiplication of the second row, that is if the second row is [a b c] then
the third row must be [ka kb kc] where k=0,12,...,p—1. Since there are
p3 —1 ways to perform the second row, then the total number of matrices of this type is
(p*-1)p=p"-p.

If the first row is not [O 0 O] then the second and the third row must be a
multiplication of the first row. If the first row is [X 'y z] then second row must in
the form of [mx my mz] and third row must in the form of [nx ny nz] where
m,n=0,12,..., p—1. Since there are p3 —1 ways to perform the first row, then the

total number of matrices of this type is (p3 —1) p2 = p5 - p2.

Based on these facts, there are (p3 —1)+< p4 - p)+( p5 - p2) = p5 + p4 + p3 - p2 -p-1

matrices in G whose rank is 1.

Case 11 For matrices whose rank is 2, there are some possibilities.

1.

If the first row is [0 O 0] then the second row can not be [0 0 0] and the second
and the third row must linearly independent. It means that the third row must not a
multiplication of the second row. So, if the second row is [p q r] then the third

row can be in any form except [Ip Iq Ir] where 1 =0,1,2,..., p—1. Since there are

p3 —1 ways to perform the second row and p3 — p ways to perform the third row then
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there are ( p3 —1)( p3 - p) = p6 - p4 - p3 + p matrices of this type.

2. If the first row is not [O 0 O] and the second row is a multiplication of the first row
then the third row must linearly independent from first row. Since there are p3 -1
ways to perform the first row, p ways to perform the second row, and p3 — p ways to
perform the third row, then there are (p3 —1) p( p— p) =p’ -p°-p*+p?
matrices of this type.

3. If the first row is not [O 0 O] and the second row is linearly independent from the
first row then the third row must be the linear combination of the first and the second
rows. Hence, if the first row is [a, by ¢;] and the second rowis [a, b, c,] then

the third row must be in the form of [aa,+fBa, ab+pBb, ac +pBc,]| where
a,$=0,1,2,...,p—1. Since there are p®—1 ways to perform the first row, p*>—p
ways to perform the second row, and p2 ways to perform the third row, then there are
( p* —1)( p— p) p? = p®— p® — p° + p* matrices of this type.

Based on these facts, there are p®+ p’ —2p° —2p* + p? + p matricesin G whose rank is 2.

Overall, we have that the total number of singular matrices in G is p®+p’ —p°>—p*+ p>.

Therefore the number of nonsingular matrices in G iS

pP—pt-p +p°+ p4—p3:(p_1)3 p?’(p+1)(p2+p+1).

For example, the order of group of 3x3 nonsingular matrices over 0 and 1 is then 168.
THE SUBGROUPS

Let G be the group of all nonsingular 3x3 matrices over Z,.Let H be the set of all
3x3 matrices over Z,, whose determinant is 1. It can be easily shown that H is a subgroup of
G . In order to determine the order of H , consider that if A,B G then A=BmodH if and
only if AB™*eH if and only if ‘AB‘l‘ =1 if and only if |A|=|B|. Therefore, there are p—1
equivalence classes (corresponds to p—1 different determinants of elements of G ) of cosets of
H in G. Hence o(H)=0(G)/(p—1)=p®—p°—p°+ p°. Further, H is normal in G for if
AeG and K e H then |AKA™|=1 and hence AKA™ e H which shows that AHA™  H .

Now, what is the center of G ? Let Z be the center of G. We know that Z is a
subgroup of G . Let
c

X=|d e fleZ.

Note that the matrices
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1 11 0 01
A=/0 1 1jandB={0 1 O
0 01 100
both are in G . Then, since AX = XA, we have
a+d+g b+e+h c+f+i a a+b a+b+c
d+g e+h f+i |=|d d+e d+e+f
g h i g g+h g+h+i

that can be concluded that a=e=i, b=f,and d=g=h=0. Next, since BX = XB, we
have

g h i c b a
d e fi=|f e d
a b c i h g
which gives us b =h. Hence, from the previous result we have b= f =0. We have shown that

the matrices in Z are in the form
k 0
0 k
0 0

where k e Z . Hence 0(Z)=p-1.Clearly, Z isnormalin G ..

0
0=k,
k

Now consider the set of all diagonal matrices in G . Denote this set by D. In set
notation,

D=

O O w

00
t O S,t,UEZp
0 u

Clearly, D is a subgroup of G with order (p—l)g. This subgroup is not normal in G except

if p=2.To show this, we can verify that
1

1 1 1|k 0 0O}/1 1 1| k —k+1I —-l+m

0O 1140 I 0}/0 1 1, =0 | —l+m|.

0 0 1|0 0 m{0 0 1 0 0 m
In order to make the matrix in the right side of the equation above belongs to D, it requires
k =1=m while if p>2 we can choose different values for k,l,and m.

CONCLUSION AND SUGGESTION

Basically, multiplication group of square matrices is easy to verified. But, if this group
is related with some other theory, this can be interesting. Many things can be observed, like the
order of the group, the center, kind of subgroups, etc. If we expand the order of the matrices, of
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course the problem will be more complex. It is still possible to make an observation about group
of larger order of matrices over integers modulo prime number.
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